In the present paper we consider preserving orientation Morse-Smale diffeomorphisms on surfaces. Using the methods of factorization and linearizing neighborhoods we prove that such diffeomorphisms have a finite number of orientable heteroclinic orbits.
Introduction
The Morse-Smale dynamics is a pattern of a regular structurally stable (rough) behaviour. The foundations of the theory of roughness of flows, laid down in the classic work by A. Andronov and L. Pontryagin [1] , were developed by the associates of academician A. Andronov in the Gorky school of non-linear oscillations E. Leontovich and A. Mayer [12] , [13] . Moreover, A. Meyer introduced the concept of roughness for a discrete dynamical system and obtained a complete topological classification of such systems (Morse-Smale systems) on the circle [14] .
Since then, the theory of topological classification of Morse-Smale dynamic systems has gained wide popularity and has undergone intensive development (see, for example, review [8] ). So the topological classification of structurally stable flows on surfaces is exhaustively described in the work by M. Peixoto [16] . On three-dimensional manifolds, the necessary and sufficient conditions of the topological conjugacy of Morse-Smale flows follows from the works by Ya. Umanskiy [20] and A. Prishlyak [18] . There are also multidimensional classification results, for example, the classification by S. Pilyugin [17] for Morse-Smale flows without heteroclinic intersections on the n-dimensional sphere. For three-dimensional Morse-Smale diffeomorphisms, the completed classification results were obtained only in 2018 by C. Bonatti, V. Grines, O. Pochinka [5] after twenty years of work by a team of Russian-French scientists, C. Bonatti, V. Grines, F. Laudenbach, V. Medvedev, E. Pecu, O. Pochinka. The researchers of the Nizhny Novgorod school V. Grines, E. Gurevich, V. Medvedev, O. Pochinka also obtained a complete topological classification of Morse-Smale diffeomorphisms with saddles of co-dimension one on closed n-manifolds [9] .
The classification of Morse-Smale cascades on surfaces was obtained in the work by C. Bonatti and R. Langevin [7] , as part of the study of diffeomorphisms with zero-dimensional basic sets. Therefore, it uses a rather heavy apparatus of Markov partitions, due to the need to track the geometry of heteroclinic intersections that make up an infinite number of orbits. Given the obvious evolution of the theory of topological classification of dynamical systems, it would be natural to expect a separate and clear classification of two-dimensional Morse-Smale casacdes. Such attempts were made for some meaningful subclasses of surface diffeomorphisms, for example, in the works by A. Bezdenezhnykh, V. Grines, T. Mitryakova, O. Pochinka [4] , [10] , with the restriction imposed in the form of a finite number of heteroclinic orbits (beh = 1).
However, the topology of heteroclinic intersections sometimes itself naturally imposes restrictions on the length of heteroclinic chains, which makes it possible to obtain a classification of such systems in combinatorial terms. In this paper, it is proven that Morse-Smale surfaced diffeomorphism with orientable heteroclinic intersections cannot have an infinite number of heteroclinic orbits. In the other words we state the following result. This result was announced by V. Grines and A. Bezdenezhnyh here [3] and was proved as the chapter of the candidate's dissertation by A. Bezdenezhnyh [2] . That proof used a technique of the paper by A. Mayer [15] about the relation of the number of pairwise disjoint non-trivial recurrent trajectories with the genus of the ambient surface. In this paper we conduct an independent proof of this result using a factorization methods to compatible systems of neighborhoods.
General properties of Morse-Smale diffeomorphisms
Everywhere below M n is a smooth closed connected orientable ndimensional manifold (n ≥ 1) and f : M n → M n is a preserving orientation diffeomorphism. It is well known that Morse-Smale diffeomorphisms have no cycles in the sense of the following definition.
The absence of cycles allows us to introduce the following partial order relation on the set of periodic orbits of the Morse-Smale diffeomorphism (it was first done by S. Smale [19] ). 
Definition 4 (Partial order relation, beh). Let
A similar theorem holds for the stable manifolds of the diffeomorphism f .
Surfaced Morse-Smale diffeomorphisms
In this section we consider a class M S(M 2 ) of orientation preserving Morse-Smale diffeomorphisms given on a closed orientable surface M 2 .
3.1. Orientable heteroclinic. Following to [2] , for the diffeomorphisms in this class we will introduce the concept of orientable heteroclinic as the following.
• υ u x is the tangent vector to the unstable manifold of the point σ j at the point x and directed from x to f m u (x), where m u is a period of the unstable separatrix containing x;
• υ s x is the tangent vector to the stable manifold of the point σ i at the point x and directed from x to f m s (x), where m s is a period of the stable separatrix containing x.
Heteroclinic intersection of diffeomorphism f is called orientable, if ordered pairs of vectors ( υ u x , υ s x ) determines the same orientation of the ambient surface M 2 at every heteroclinic point x of the diffeomorphism f . Otherwise, the heteroclinic intersection is called non-orientable (see Fig. 1, Fig. 2 ). 
We call a ν canonical diffeomorphism. Diffeomorphism a ν has a single fixed saddle point at the origin O with stable manifold W s O = Ox 1 and unstable
Notice that the set N is invariant with respect to the canonical diffeomorphism a ν . Define in the neighborhood of N a pair of transversal foliations F u , F s as follows:
Notice that the canonical diffeomorphism a ν which sends the leaves of foliation • Fig. 4 ). 
It follows from [11] that A i is an attractor of the diffeomorphism f and f acts discontinuously on the V i . LetV i = V i /f and denote by For an unstable separatrix γ u of a saddle point σ denote by m γ u its period, that is, the smallest natural number µ, such that f µ (γ u ) = γ u . Let us suppose, that an unstable saddle separatrix γ u belongs to V . Let γ u = p V (γ u ) and denote by jγu :γ u →V the inclusion map. On Figure 6 a part of the phase portrait of a diffeomorphism f ∈ M S(M 2 ) is represented. Here α 1 , α 2 are source points, ω 1 , ω 2 are sink points, σ 1 is a saddle point and N σ1 is a linearizing neighbourhood of it. All non-wandering point are supposed to be fixed and V = W s ω1 \ ω 1the punctured basin of the sink ω 1 . Then on the space orbitV we can see annulusN γ u = p V (N γ u ) as the projection of a part of N σ1 containing the unstable separatrix γ u . Also we can see projections of both foliations in
Proof of the main result (Theorem 1)
Let f ∈ M S(M 2 ) and N f be its compatible system of linearizing neghbourhoods N σ of all saddle point σ. In the denotations of previous section for i = 1, . . . , beh(f ) − 1 let
Let us prove, that from the conditions of the orientability heteroclinic intersections of f follows that beh(f ) = 1.
Suppose the opposite: beh(f ) > 1. Then there is a chain of saddle points σ 1 ≺ σ 2 ≺ σ 3 (see Figure 7) , such that σ i ∈ Σ i and (see Fig. 7 ) Then these saddle points have separatrix γ s
. By the construction, all points of the separatrix γ s 1 , γ u 2 belong to space V 1 . Due to Proposition 11, each setγ s 1 ,γ u 2 is a circle on a disjoint union of the toriV 1 . Since the intersectionγ s 1 ∩γ u 2 is not empty then these circles belong to the same torus (denote it byV ). Also we will see annuliN 1 = p 1 (N γ s 1 ) andN 1 2 = p 1 (N γ u 2 ) on the torusV .
Every point of the separatrix γ u 3 , except the finite number of heteroclinic orbits γ u 3 ∩ W s 2 , belongs to the space V 1 . Then the setγ u 3 = p 1 (γ u 3 ) consists of a finite number of non-compact arcs. As γ u 3 ∩ W s σ2 = ∅ then, due to Proposition 5, γ u 3 ∩ N γ u 2 = ∅. Thus there is a connected componentl of the setγ u 3 such thatl ∩N 1 2 = ∅. LetΓ u 2 =V ∩ p 1 (W u 2 ) andN 2 = p 1 (N 2 ). Due to Proposition 11 the set Γ u 2 is a disjoint union of homotopically non-trivial circles on the torusV andγ u 2 is one of them. From condition of the orientability of heteroclinic intersections, it follows that the circleγ s 1 intersects each of the circles of the setΓ u 2 and the index of the intersection at each point of such the intersection is the same.
As the curvel belongsV then there is annuliN 2 2 (possibleN 2 2 =N 1 2 ) which is a connected components of the setN 2 and such that (l ∩N 2 ) ⊂ (N 1 2 ∪N 2 2 ). From the compatible system of neighborhoods follows, that each connected component of the intersectionl ∩ (N 1 2 ∪N 2 2 ) is a leaf of the foliationF u 2 = p 1 (F u 2 ) (see Fig. 8 ).
Due to the orientability of the heteroclinic intersection the pointsx 1 ,x 2 belong to different connected components of the set ∂(N 1 2 ∪N 2 2 ). Moreover, according to compatibility of ℓ =F u 1,l ∪lx 1,x2 ∪F u 2,l , whereF u 1,l ,F u 2,l are different leaves of foliationF u 2 . It follows from the definition of the compatible system of linearizing neighborhoods that every connected component of the intersection γ s 1 ∩ (N 1 2 ∪N 2 2 ) is a leaf of the foliationF s 2 = p 1 (F s 2 ). Choose one connected componentF s 1,l (F s 2,l ) in the intersectionγ s 1 ∩N 1 2 (γ s 1 ∩N 2 2 ), possiblê F s 1,l =F s 2,l ifN 1 2 =N 2 2 . Letŷ 1 =F s 1,l ∩Γ 2 andŷ 2 =F s 2,l ∩Γ 2 . Also choose one pair of the pointsẑ 1 ,ẑ 2 from each of the countable setF s 1,l ∩F u 1,l , F s 2,l ∩F u 2,l (see Fig. 9 ). According to the orientability of the heteroclinic intersection, the pairs of the vectors ( υ û y1 , υ ŝ y1 ) and ( υ û y2 , υ ŝ y2 ) define the same orientation of the torusV . Also, the pairs of the vectors ( υ û y1 , υ ŝ y1 ), ( υ û z1 , υ ŝ z1 ) and ( υ û y2 , υ ŝ y2 ), ( υ û z2 , υ ŝ z2 ) also need to be consistently oriented. However, this contradicts with any orientation on the curvel. a) b) Fig. 9 . Intersection of separatrices in the space orbitV
